We theoretically investigate the generation of heralded entanglement between two identical atoms via cavityassisted photon scattering in two different configurations, namely either both atoms confined in the same cavity or trapped into locally separated ones. Our protocols are given by a very simple and elegant single-step process, whose key mechanism is a controlled-phase-flip gate implemented by impinging a single photon on singlesided cavities. In particular, when the atoms are localized in remote cavities, we introduce a single-step parallel quantum circuit instead of the serial process extensively adopted in the literature. We also show that such parallel circuit can be straightforwardly applied to entangle two macroscopic clouds of atoms. Both protocols proposed here predict a high entanglement degree with a success probability close to the unity for the state-of-the-art parameters. Among other applications, our proposal and its extension to multiple atom-cavity systems step toward a suitable route for quantum networking, in particular for quantum state transfer, quantum teleportation and nonlocal quantum memory.
I. INTRODUCTION
Quantum mechanics is driving forward a technological revolution in the 21st century, overcoming the miniaturization barrier and the performance of devices that can be achieved within a classical framework [1] , i.e., achieving the so-called quantum supremacy [2] . At the heart of this revolution are the quantum correlations, in particular the quantum entanglement [3] . Besides being an unique element of quantum mechanics that has no a classical counterpart [4] , entanglement is a cornerstone of several quantum devices and protocols. For instance, it is used to implement quantum logical gates [5, 6] , to perform more efficient computation algorithms [7, 8] , and to share secure information [9, 10] in quantum computers and networks [11] [12] [13] . Therefore, entanglement plays an extremely important role in both fundamental and applied physics, so that quantum devices that efficiently generates it are highly desirable.
Nonetheless, only efficient generation of entanglement is not enough. These devices must also be scalable and robust against decoherence [1] . Hybrid systems composed of photons and atoms trapped into cavities (resonators) in the strongcoupling regime are excellent candidates to meet these requirements [14] . In this scenario, atomic systems can be better isolated from the effects of the environment and connected at long distances through optical photons, thus forming elementary quantum networks that use photons to distribute entanglement [15] . This so-called cavity-based quantum network is a very active research field and is auspicious for quantum networks on larger scales, framework in which theoretical and experimental progress have been made in quantum computing and communication [16] .
Inside this research field, the quantum mechanism that is the building block of our proposal consists of a controlledphase-flip (CPF) gate performed via cavity-assisted photon scattering (CAPS), i.e., the gate is performed by impinging a single-photon pulse on a single-sided cavity, which is coupled to a single [17] (or N [18] ) three-level atom. Since a CPF gate together with simple single-qubit operations performs universal quantum computation [19] , it has attracted much interest in the last decades [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . Furthermore, the recent experimental achievements in CAPS-based CPF gates [34] [35] [36] [37] have put this subject in the scientific spotlight again.
In particular, some of these referred works theoretically propose schemes to entangle atoms localized in long-distance cavities via CAPS [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . In contrast to other approaches for entangling distant atoms that require both the interference and the simultaneous detection of two photons emitted from the two respective atoms [38] [39] [40] [41] [42] [43] , or require that one atom absorbs a single photon emitted by the other atom [15] , the CAPS-based protocols have the advantages of requiring only a single photon and not requiring an energy exchange between the parties. However, even though some of the aforementioned CAPS-based entangling gates are given by a singlestep process, the single-photon pulse impinges on the cavities in sequence (serial quantum circuit) until being detected at the end. Moreover, single-qubit operations are performed in the atoms and/or the pulse during the process.
In this work, we theoretically investigate two protocols of CAPS-based heralded-entanglement generation between two atoms. We consider here that our flying qubit (single-photon pulse) is encoded by the vacuum and single-photon states instead of the polarizations of the pulse widely adopted in the related literature. This choice has an advantage of performing fewer (or even no) single-qubit operations on the flying qubit during the process. In the first protocol, we consider both atoms placed in the same cavity and analyze the atomic entanglement that is generated by impinging a single photon on the cavity. Although this configuration was already introduced in Ref. [18] , a specific analysis regarding the entanglement generation between the atoms is missing. Here we perform such analysis, whereby we provide semianalytical results for the entanglement degree acquired by the atoms and for the success probability of measuring the outgoing photon, which heralds the entangling gate. We show that both the entanglement and the success probability are very close to the unity arXiv:1710.06269v2 [quant-ph] 18 Oct 2017 for the current technology. In addition, our study allows us to make a comparison between the efficiency of the entangling gate investigated here and another similar one recently carried out, which carves the atomic state by measuring photon pulses reflected by the cavity [44] .
Subsequently, we propose a protocol to entangle two atoms localized in remote cavities by using a kind of single-step parallel quantum circuit instead of the serial process extensively adopted in the literature. In this case, a single-photon pulse crosses a 50:50 beam splitter (BS), such that it virtually impinges on both cavities at same time, with the outgoing pulse being detected after passing again through the BS. Likewise the first case, this protocol also provides an entanglement degree and a total success probability very close to the unity for the state-of-the-art parameters. Finally, we also show that this parallel circuit can be straightforwardly applied to entangle two distant macroscopic clouds of atoms through the same simple single-step process.
Although we specifically use the optical domain and atomic systems in this work, it is worth stressing that the process of our entangling gates could also be adapted and further developed in solid-state-based systems that employ similar techniques and concepts, such as superconducting circuits [46] and quantum dots [47, 48] .
II. PHYSICAL SYSTEM AND MODEL
We investigate the entanglement generation between a pair of identical atoms either confined into the same single-mode cavity or trapped into long-distance cavities. Each atom is described as a three-level system in a Λ-level configuration, in which the excited state |3 is resonantly coupled to the ground one |1 through the cavity mode, while the other ground state |2 remains decoupled, as shown in Fig. 1 . Here, we consider that the cavity has only one partially transmitting mirror (single-sided cavity) that couples the intracavity mode to the continuum of free-space modes, which can be considered as a bosonic reservoir. Hence, an incoming field could only enter and then exit from the cavity by one side. In both configurations, the initial state of the system is given by each atom in a balanced superposition of its ground states and the cavity (or cavities) in the vacuum state. Furthermore, the external multimode field of the bosonic reservoir initially has its excited modes centered on the cavity resonance frequency, i.e., we consider an incoming single-photon pulse (input field) as a quasimonochromatic wave packet whose spectral spread is much smaller than the carrier frequency [49] , which is exactly the cavity resonance frequency in our case.
In our proposal, the entanglement generation protocol has the implementation of a CPF gate as a key ingredient, with which an induced phase can be imprinted in the output field depending on the atomic state [17, 18, 33] . As said before, only the atomic transition |1 ↔ |3 is coupled through the cavity mode. Therefore, when the cavity-atom system is in the strong-coupling regime, the normal-mode splitting ensures that, if the atom is in |1 , the incident photon is immediately reflected, having its phase changed by an amount of π. On Level structure FIG. 1. Pictorial representation of the quantum system for two noninteracting atoms confined into the same single-sided cavity, which has a decay rate of 2κ. Each atom is described as a three-level system in a Λ-configuration, whose atomic transition |1 ↔ |3 is resonantly coupled to the intracavity mode with coupling strength g. The rates Γ31 and Γ32 describe the spontaneous emission from the atomic excited state to the ground ones. Here, an input field (αin) impinges on the partially transmitting mirror of the cavity, such that a detector can register a photon count in the output field (αout) when there is no photon loss via atomic spontaneous emission. the other hand, if the atom is in |2 , it becomes transparent to the cavity field, such that the input field enters the cavity and then is transmitted without any change in its phase [50] . For N atoms inside the cavity, the situation is similar with the output photon not acquiring a phase shift only when all atoms are in |2 , but acquiring a phase of π otherwise. For more details about the implementation of this CPF gate, see Refs. [17, 18, 33] .
In the following we introduce our protocols of entanglement generation and individually analyze each configuration, but without restricting to the strong-coupling regime for the cavity-atom system.
A. Two atoms inside the same cavity
In this setup, the pair of noninteracting three-level atoms are confined into the same single-sided cavity, with only the atomic transition |1 ↔ |3 being coupled to the intracavity mode with coupling strength g. A pictorial representation of the system assisted by the input (α in ) and output (α out ) fields is illustrated in Fig. 1 , where 2κ stands for the cavity decay rate that determines the out-coupling of the external modes and the intracavity one through the partially transmitting mirror.
Considering the case in which are valid the weak-coupling approximation between the cavity and its reservoir (Born approximation), the rotating-wave and the Markov approximations, i.e., the so-called white-noise limit [51] , the Hamiltonian that describes the entire system in an interaction picture rotating at the cavity resonance frequency is ( = 1) [51] [52] [53] 
in which b(ω) is the frequency-dependent annihilation operator of the bosonic reservoir
a is the annihilation operator of the intracavity mode, and σ j k = |k | is a ladder operator of the j-th atom. We are interested in an initial state with only one excitation in the input field of the following kind
in which
describes the input field in a continuous-mode single-photon state (in the interaction picture concerned [54] ), which can be interpreted as a single photon coherently superposed over many spectral modes with weighting given by the spectral density function ξ in (ω) [49, 55] . Here, |0 is the continuous-mode vacuum state (b(ω)|0 = 0) and from the normalization condition we have
The Fourier transform of ξ in (ω) provides the square-normalized temporal shape α in (t) of the incoming single-photon pulse (
Hereafter, we will omit the tensor product, ⊗, for the sake of simplicity.
In the ideal case (g → ∞), the CPF gate provides [18, 33] . Thus, for the initial state given by Eq. (2) we obtain after applying the CPF gate
with |± = (|2 ± |1 )/ √ 2. Therefore, for sufficiently strong g, the atoms which are initially factorized, become maximally entangled just by implementing a very simple single-step process, i.e., just by impinging a single-photon pulse on the cavity. It is worth mentioning that any balanced superposition between the atomic ground states can be used as the atomic initial state. In the following we investigate in more detail this entanglement generation, extending the results discussed in Ref. [18] .
Given the initial state [Eq. (2)] and the Hamiltonian [Eq. (1)] in question, the general evolved state can be written in the form:
Nevertheless, the atomic spontaneous emission is an inevitable incoherent process. In our case, this process would lead to either the transitions |3 → |1 or |3 → |2 of one of the atoms at the expenses of a photon loss to the free-space external modes orthogonal to those parallel to the cavity axis, which in turn are coupled to the intracavity mode. These transitions lead to a vacuum-state output field with the system deexcited, yielding a leakage error on the CPF gate since the final state is outside of the desired Hilbert space (states in Eq. (4)) [17] [18] [19] . However, the gate errors due to all sources of photon loss [56] can always be indicated when a detector (see Fig. 1 ) does not register a photon count from the output field. This dominant noise generates a failure probability of the CPF gate, but it does not affect the gate fidelity if the operation succeeds (if the photon is not lost) [17, 18] . Thus, a photon count is not mandatory to perform the CPF gate, but it heralds its success without introducing any perturbation to the gate, i.e., a photon detection just assures us if the gate has succeeded or not. For this class of probabilistic signaled errors, efficient quantum computation is possible even for an arbitrarily small gate success probability [57, 58] , postselecting those cases in which a photon is detected. Fortunately, the success probability of our entangling gate is very close to the unity for the current technology as we will show. Focusing only on the cases in which a photon is never lost, the atomic spontaneous emission can be phenomenologically taken into account by introducing non-hermitian damping terms into the interaction Hamiltonian [17, 18] 
in which Γ 3 = Γ 31 + Γ 32 , with Γ 31 and Γ 32 standing for the decay rates from the excited state |3 to the ground states |1 and |2 , respectively. In this way, the dynamics evolves only inside the desired Hilbert space, such that the general state given by Eq. (4) still holds. On the other hand, due to the non-hermitian terms in H eff , the Schrödinger equation will now provide an unnormalized |ψ(t) whose squared norm (| ψ(t)|ψ(t) | 2 ) exactly gives the probability of not losing a photon by atomic spontaneous emission in the time interval between t and t + dt.
When the outgoing field is far enough from the cavity (t → ∞), i.e., when the pulse and the atoms-cavity system no longer interact, the normalized atomic steady state predicted by the Schrödinger equation, i∂ t |ψ(t) = H eff |ψ(t) ( = 1), after the detector registering a photon count, is given by (see Appendix A)
which is exactly the average number of photons in the output field after a long time, i.e., it gives the probability of registering a photon count (neglecting the detector inefficiency). For evaluating and analyzing the degree of entanglement between the atoms (concurrence E(ρ) [59] ), we assume, without loss of generality, Γ 3 = κ in order to provide a compact semianalytical solution for c k ,1 (t), which yields
This choice does not restrict our results, since one can show (numerically at least) that, after all, E(ρ ss at ) and P s depend only on the cooperativity parameter, C ≡ g 2 /2κΓ 3 , regardless the combination of (g, κ, Γ 3 ) that provides the same C. Moreover, we consider an input pulse with a Gaussian temporal shape
whose full width at half maximum that determines the pulse duration is τ p = 2η 2 ln (2), and whose maximum impinges on the cavity semitransparent mirror at t 0 . In this way, the system reaches its steady state when t t 0 + τ p .
Aside from the preparation time of the initial state as well as the propagation time of the input and output pulses, the required time to perform the CPF gate is given by the time interval over which the single-photon pulse interacts with the atoms-cavity system, which is dictated by the pulse duration τ p . Thus, the entanglement generation would be faster for shorter pulses. However, for a fixed C, the shorter τ p the smaller the atomic entanglement degree (E) generated in the steady state considering the initial state of Eq. (2) (α Fig. 2(a) . This occurs because of a mismatch between the shapes of the input and output pulses for short τ p , which reduces the CPF gate fidelity [17, 18, 33] and, consequently, the generated entanglement. In this case, the deformation in the shape of the output pulse is due to the fact that a part of the input pulse is directly reflected (π phase shift) by the system regardless the atomic state, while the other one is absorbed and then transmitted (no phase shift) depending on the initial atomic state and the atom-field coupling strength.
In Figs. 2(b)−(c), we illustrate an example considering both atoms initially in the state |2 [α k in (t) = δ k,2 δ ,2 α in (t)], which is equivalent to the case of an empty cavity. For a long τ p , the spectral spread of the input pulse (τ −1 p ) fits into the linewidth of the cavity (2κ), so that the whole input pulse enters and then exits from the cavity, yielding an output pulse that preserves the shape of the input pulse [ Fig. 2(c) ]. If the pulse is short (τ −1 p 2κ), part of the input pulse is out of resonance with the cavity (the spectral spread of the input pulse has a frequency interval that exceeds the cavity linewidth), so that this part is directly reflected by the cavity mirror while the other part is absorbed and then transmitted. Since it might has a delay between the reflected and transmitted parts in this case, and since they acquire opposite phase shifts, the shape of the output pulse gets deformed in comparison to the input-pulse shape [ Fig. 2(b) ]. There exists an approximate lower bound for the pulse duration (τ |2 ) above which the desired pairing between the input-and output-pulse shapes occurs with high fidelity when both atoms are in |2 . As we will briefly discuss in the next paragraph and can be seen in Fig. 2(a) , the gate fidelity when at least one of the atoms are in |1 depends not only on the pulse duration, but also the atoms-cavity interaction and, consequently, C. Even so, we can assume τ |2 10κ −1 , since in Fig. 2 (a) we note that E(ρ ss at ) approximately saturates for κτ p 10 regardless the value of C.
When at least one of the atoms is in the state |1 , the greater C and the longer τ p , the higher the fidelity of the gate, as shown in Fig. 2(a) . For this case, the desired pulse reflection happen when the input pulse is entirely out of resonance with the normal modes of the system (dressed states), i.e., when no portion of the spectral spread of the input pulse fits into the linewidth of the normal modes. This can be indeed achieved in the strong-coupling regime (C 1), where there is a large normal-mode splitting, together with the use of long pulses (τ p τ |2 ).
Based on the above discussions together with the fact that we are interested to know on which conditions the degree of the entanglement can be optimized, hereafter we consider long pulses only. In Fig. 3 we illustrate the average number of photons outside the cavity (P s ) and the concurrence as a function of the cooperativity in the steady regime. In Fig. 3(a) it is shown P s for the desired initial state given by Eq. (2), while in Fig. 3(b) we consider each one of the four atomic state |ij (i, j ∈ {1, 2}) as the initial state, allowing us to analyse the individual contribution in the desired initial state [Eq. (2)].
Looking at Fig. 3(b) we can note that, when both atoms are in |2 , the incoming pulse is always transmitted by the cavity regardless the value of C. In contrast, when at least one atom is in |1 , the single photon that enters in the cavity has a probability to be lost by atomic spontaneous emission, resulting in a decrease of the probability of registering a photon count. For a specific value of C the single photon is always lost (P s = 0). When there is only one atom in |1 this happens for C = 1/2 [33] , while for C = 1/4 when both atoms are in |1 . In general, P s = 0 when C M ≡ M C = 1/2, in which M is the number of atoms in |1 . For the desired initial state [Eq. (2)], since P s takes into account the contribution of the four states equally, it never cancels out, as we can notice in In (b) we show the contribution of each one of the separable atomic states in Ps when they are initially prepared. Fig. 3(a) . Another interesting feature is that the atoms get entangled even within the region in which the CPF gate cannot be performed (C M ≤ 1/2 [33] ), such that it can unbalance the initially equal contribution of each separable atomic state without imprinting any phase shift on them, but being still able to entangle the atoms with certain degree. Therefore, we have that the degree of the entanglement is non-null even for these values of C for which the CPF cannot work, as illustrated in Fig. 3(c) .
We can also notice from Fig. 3(c) that the entanglement monotonically increases with the cooperativity, with the atoms becoming almost maximally entangled without requiring too strong coupling neither too high cooperativity, namely E(ρ ss at ) 0.99 for C 3, but both are beneficial for high fidelities and high efficiencies, since {E, P s } → 1 when C 1/2. Here we consider a Gaussian shape for the input pulse, but it is worth stressing that its exact shape is actually not important if the shape changing is sufficiently slow compared to the cavity decay rate [17] . It is also worth stressing that for real detectors the success probability of our entangling gate will be simply reduced by a factor due to detection efficiency.
Recently, Welte et al. [44] experimentally demonstrate entanglement generation of two neutral atoms trapped inside an optical cavity. The authors essentially use the same setup of Fig. 1 , but the entanglement is generated by carving the atomic state through the detection of a few weak photon pulses reflected from the cavity [60] . They achieved experimental parameters equivalent to C 4.1, which yields a success probability of 32% (50% for their ideal scenario) for entangling the atom with high fidelity. In our case, such cooperativity yields P s 75% for our ideal scenario. Besides, our entangling gate has another advantage since it requires the detection of only one photon pulse, avoiding the accumulation of errors due to dark counts.
B. Two atoms in remote cavities
Now let us consider the case in which the atoms are no longer inside the same cavity, but trapped into locally separated cavities, as depicted in Fig. 4 . Again we assume the atoms initially in a balanced superposition (|+ ) with the cavities in the vacuum state. Our protocol to entangle the atoms firstly consists of sending a single-photon pulse to a 50:50 beam splitter (BS) through its channel I [see Fig. 4 ], so that we have |1 I , 0 II |0 III , 0 IV initially. After crossing the BS, the photon has equal probability (50%) to be transmitted through the channel III or reflected through the channel IV, namely [45] 
(10) If the photon is transmitted (reflected), it impinges on the cavity A (B), performing a CPF gate (|± |1 in → |∓ |1 out , |± |0 in → |± |0 out for an ideal gate), which yields
with both cavities as well as the channels I and II of the BS remaining in the vacuum state. Finally, the photon pass through the BS again [45] ,
and then the photon is detected by one of the detectors (D 1 or D 2 ) [see Fig. 4 ]. If a photon count is registered in D 1 , the atoms are projected into the state
while for a click in D 2 we have
Therefore, the atoms become maximally entangled whenever a photon count is registered in either
It is worth noticing that in our propose the single photon neither impinges on the cavities in sequence (serial quantum circuit) nor undergoes single-qubit operations as extensively adopted in literature. Here, on the other hand, we exploit the indistinguishability of the photon quantum paths, such that the interference between them can virtually work as the situation in which the single photon impinges on both cavities simultaneously. Besides of being a very simple single-step process to entangle remote atoms, our parallel quantum circuit also avoids the accumulation of errors due to the multiple (CPF and single-qubit) gates required in the serial approach. The above results [Eqs. (14)− (15)] was achieved by considering an ideal CPF gate, but, as discussed in the first protocol, the efficiency and fidelity of a CAPS-based CPF gate depend on the cooperativity and the pulse duration, case which we will analyze in the following.
Considering the same assumptions made for the first protocol, the effective dynamics after the single photon crossing the BS and before passing through it again is given by
eff . In an interaction picture rotating at the cavities resonance frequency, we have
where the superscripts m and j refers to the channel of the BS and atom-cavity system, respectively. As the atom-cavity systems evolve independently and are considered identical, we have to solve only the problem of a single-photon pulse impinging on a cavity with a single atom trapped in it, which is essentially the same that was done in the first protocol, except for neglecting one of the atoms in Eq. (1) . If the external multimode field is in the vacuum state with the atom-cavity system deexcited, there is no dynamics, i.e., the entire system remains in its global ground state. If the atom-cavity system has only one excitation and it is initially in the external field, the general evolved state for this system is
with the dynamics of {c 1,1 , c 3,0 , ξ 1 } and {c 2,1 , ξ 2 } being exactly given by Eq. (A1c) and Eq. (A1d). When the outgoing pulse is already far enough from the cavity (t 1) and right before crossing the BS again
Therefore, assuming a perfect BS, the generalization of the ideal case discussed before is accomplished just by replacing in the right-hand side of Eq. (11) 1
Thus, after the single-photon pulse crossing the BS again, the normalized atomic steady states with a photon count being registered in D 1 and D 2 are, respectively,
The probabilities of registering a photon count in D 1 and D 2 are, respectively,
Equation (21) provides a remarkable result. Namely, the atoms become always maximally entangled as long as a photon is detected in D 2 . The more interesting point is that this happens regardless the value of the cooperativity and the pulse duration. Therefore, the mechanism behind this specific entanglement generation is not the CPF gate, but the symmetry of the problem together with the interference of the quantum optical paths via the BS. However, although the entanglement degree does not depend on the cooperativity in this case, the probability of registering a photon count in D 2 does. For the cases in which the photon is detected in D 1 , we have a similar result to that obtained in the first protocol [compare Eqs. (6) and (20)].
Let us assume Γ 3 = κ again, but without loss of generality, in order to obtain the compact semianalytical solution
Furthermore, we also consider the same input pulse of Eq. (9) in order to compute the entanglement degree and the probability for achieving it associated to each possible atomic steady state, which are shown in Fig. 5 considering a large pulse duration (τ p = 50κ −1 ) and the initial state given by the left-hand side of Eq. (11) (α k in (t) = α in (t)/2). We observe that the atoms are maximally entanglement for any positive value of cooperativity whenever the photon is detected in D 2 . Nonetheless, the probability of registering a photon count in this detector is very low for small values of cooperativity and asymptotically saturates to 50% for high cooperativities. On the other hand, if photon is detected in D 1 , the concurrence is maximum only asymptotically in C, with the detection probability also saturating to 50% as C increases.
It is worth emphasizing that our protocol predicts very high fidelity and efficiency in entangling two remote atoms when we consider the state-of-the-art parameters of very similar experimental setups (C ∼ 3) [35] [36] [37] . Namely, for this value of cooperativity, we theoretically obtain E(ρ D1 ) 0.95 with P D1
39% and E(|Ψ D2 ) = 1 with P D2 37%, which provides a total efficiency of P total 76% for obtaining at least 95% of entanglement (considering ideal photodetectors). Moreover, besides being a parallel quantum circuit instead of the commonly-adopted serial one, our protocol has also the advantage of not requiring both the interference and the simultaneous detection of two photons emitted from the two respective atoms [38] [39] [40] [41] [42] [43] , neither that one atom absorbs a single photon emitted by the other atom [15] .
Finally, our very simple single-step process presented here can also be straightforwardly applied to entangle two distant macroscopic atomic clouds. Consider that in Fig. 4 we have a cloud with N A (N B ) atoms in cavity A (B). In order to be succinct, let us assume that the CPF gates are almost perfectly performed, since the CAPS-based CPF gate has higher fidelity and efficiency as the number of atoms inside the cavity increases [18] . For instance, if we initially prepare each atomic cloud in a GHZ state, |θ(ϕ) j = (|1 ⊗Nj + e iϕ |2 ⊗Nj )/ √ 2 [61] [62] [63] , it is easy to show that the atomic state, by sending a single photon to the BS and then detecting it after passing through the BS again, is given by
with the plus (minus) sign standing for the case in which the photon is registered in D 1 (D 2 ). For this case we see that the atomic clouds (macroscopic objects) become maximally entangled with each other. Although we can find protocols for generating GHZ states elsewhere [61] [62] [63] , they often become a laborious task as the number of atoms increases. On the other hand, our results pave the way to interesting future studies for entangling macroscopic clouds of atoms, e.g., by using more accessible initial states or by adding further steps to the process.
III. CONCLUSION
We have investigated two protocols of heraldedentanglement generation between two atoms based on cavity-assisted photon scattering. Here it was performed a detail study on which conditions the degree of entanglement can be optimized considering either both atoms inside the same cavity or each one trapped in distant cavities. The key ingredient of our proposal is a controlled-phase-flip gate where a phase shift can be imprinted on the output field depending on the atomic state. For both protocols, our results showed that the entanglement degree and the success probability are close to unity in the strong-coupling regime reached in the current technologies. The great advantage of our proposals is the entanglement generation through a very simple single-step process which minimizes the sources of error, increasing the efficiency with less resources. For atoms trapped in distant cavities, we introduce a quantum parallel circuit instead of the serial process extensively adopted in the literature. This very simple parallel circuit can straightforwardly applied to entangle two distant macroscopic atomic clouds. Among other applications, our proposal and its extension to multiple atom-cavity systems step toward a suitable route for quantum networking, in particular for quantum state transfer, quantum teleportation and nonlocal quantum memory. Considering two atoms inside the same cavity (Sec. II A), with the general evolved state and the effective Hamiltonian described by Eqs. (4) and (5), respectively, the dynamics of the system is given by the Schrödinger equation, i∂ t |ψ(t) = H eff |ψ(t) ( = 1), which yields the following sets of coupled integro-differential equations for the amplitude coefficients 
Integratingξ k = − (κ/π)c k ,1 − iωξ k from some past time t 0 , when the incoming single-photon pulse is still at a sufficiently large distance from the cavity, to a time t > t 0 , we obtain ξ k (ω, t) = 
Inserting the above result intoċ k ,1 ∝ κ/π dω ξ k (ω, t), 
With this, the integro-differential equations in Eq. (A1) are reduced to ordinary differential equations, which are equivalent to those that will be obtained by employing the method of Ref. [64] .
On the other hand, instead of integratingξ k from a past time t 0 to t, we can also integrate it from t to a future time t 1 > t, when the outgoing pulse is already far enough from the cavity. For this case, 
where the minus sign in ξ k (ω, t 1 ) = −ξ k out (ω) comes from the convention that explicitly incorporates the propagation direction of the incoming and outgoing fields in their amplitudes [52] . By taking the Fourier transform of the combination of Eqs. (A2) and (A4), we obtain the input-output relation
which represents a boundary condition relating the far field amplitudes outside the cavity to the intracavity field. From these results, we are able to calculate the atomic steady state after detecting the outgoing photon. Considering the Eq. (4) and givenρ(t) = |ψ(t) ψ(t)|, the reduced atomic density matrix when there is a photon in the output field (reservoir) is in which the tilde means that the density matrix is unnormalized.
Since the photon detection must occur when the outgoing field is far enough from the cavity (t → t 1 ), i.e., when the pulse and the atoms-cavity system no longer interact, the normalized atomic steady state, ρ 
is exactly the average number of photons in the output field after a long time, i.e., it gives the probability of the (ideal) detector in Fig. 1 register a photon count, which sets the success probability of the entangling gate. 
